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. 5^ ; Abstract 

The topological charges of the a^^ affine Toda solitons are considered. A general formula is 
presented for the number of charges associated with each soliton, as well as an expression for 
the charges themselves. For each soliton the charges are found to lie in the corresponding 
fundamental representation, though in general these representations are not filled. Each 
soliton's topological charges are invariant under cyclic permutations of the simple roots 
plus the extended root or equivalently, under the action of the Coxeter element (with a 
particular ordering). Multisolitons are considered and are found to have topological charges 
filling the remainder of the fundamental representations as well as the entire weight lattice. 
The article concludes with a discussion of some of the other affine Toda theories. 
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1 Introduction. 



Affine Toda field theory is one of tlie tliree Toda field theories each distinguished by the 
underlying Lie algebra to which it is associated. All of the theories are integrable, though 
only two of the three are conformal. Conformal Toda field theory, is a conformal theory 
associated with a finite dimensional Lie algebra. The conformal invariance can be broken 
in such a way as to preserve its integrability. The remaining theory is affine Toda (AT) 
field theory which is associated with loop algebras. Finally, extra fields can be added to 
the AT model to regain conformal invariance. The resulting theory is known as Conformal 
Affine Toda (CAT) field theory. This theory is associated with the Kac-Moody algebras. 

Solitons were first constructed by Hollowood using Hirota's method for the a!^^ series of 
AT models, with imaginary coupling. In , not only were the soliton energy and momenta 
found to be real despite the complex nature of the solutions, but the ratios of their masses 
were calculated and shown to be equal to the ratios of the fundamental Toda particles of 
the real coupling theory - that is those excitations obtained by expanding the potential 
term of the theory's Lagrangian density about its minimum. The topological charges of 
the a*'' soliton were claimed to lie in the a*'' fundamental representation though not, in 
general, to fill it. Aspects of quantisation of the solitons were considered and taken up in 
later papers @, |[|. 

As well as extending the methods of |l|] to the remaining theories [0, other authors have 
approached the subject from differing directions. Firstly, Hirota's method has been applied 
to the CAT model from which the AT solitons can be derived [|, ^, ^]. Secondly, Backlund 
transformations have been constructed for the a^^^ AT model [§]. Finally, following the 
methods of Leznov and Saveliev a general solution to all of the Toda models associated 



with a simple Lie algebra has been presented M, and investigated [10, 11, 12 



Except in ll|, [T3|, and more recently [|12| which proves a conjecture appearing in |jTO[ relating 
to the charges, there has been little information gathered on the topological charges of the 
solitons. The purpose of this article, therefore, is to obtain a better understanding of the 
topological charges of the solitons in the simplest AT theory, that of a^^ . 
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An upper bound for the number of charges of the a^^ sohton is found to be 

gcd(a, h) 

where h is the Coxeter number. Indeed, ha turns out to be equal to the number of topo- 
logical charges of the a^^ soliton. The origin of this formula lies in the dependence of the 
analytic expression for the soliton on the a*^ power of an h^^ root of unity. From studying 
the soliton solutions, the relationship between the topological charges is deduced to be the 
map 

T -.aj-^ inod h (0 < j < /i - 1), (1.0a) 

which is also an automorphism of the extended Dynkin diagram, A(a^^^). Therefore, for 
each soliton, once one topological charge is calculated the rest immediately follow by ap- 
plication of (1.0a). The map r has the same effect as the action of the Coxeter element 
with the following ordering: 

^tc = TnTn-irn-l ■ ■ ■ '"3'^2'^1- 

As a result, the topological charges lie in the same representation, which is shown to be 
the a*'' fundamental representation. The expression for the topological charges themselves 
is also derived, and found to be given by 

^ a{h - j) mod h 

ta — 1^ 7 ~ 1^ 1^ ^a{h-j) mod h, h-lgcd(a,h) Oij [i.Ub) 

j=l 1=1 j=l 

where k = 1, . . . , ha- This allows calculation of charges to be carried out much more easily 
than through the use of r. 

When there are widely separated solitons it is intuitive to expect the total topological 
charge to be the sum of the topological charges of the individual solitons. This statement is 
proved to be true. Using this result, a double soliton composed of solitons whose topological 
charges fill up the first and n-th fundamental representations can be constructed, which has 
charges filling up the adjoint representation, and in particular has {±q;i, ±0:2, . . . , ±«n} as 
topological charges. Further combinations of solitons can therefore be constructed which 
fill up the fundamental representations and the entire weight lattice itself. 

The article closes with a short discussion of some of the other AT theories. 
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2 Affine Toda Solitons. 



The Lagrangian density of affine Toda field theory can be written in the form 

1 m"^ " 

The field t) is an n-dimensional vector, n being the rank of the finite Lie algebra 
g. The a/s, for j = l,...,n are the simple roots of g; is chosen such that the inner 
products among the elements of the set {ao,aj} are described by one of the extended 
Dynkin diagrams. It is expressible in terms of the other roots by the equation 

n 

ao = —'^njaj (2.0a) 
i=i 

where the n/s are positive integers. Both (3 and m are constants, f3 being the coupling 
constant. 

The inclusion of distinguishes affine Toda field theory from Toda field theory. Toda field 
theory is conformal and integrable, its integrability implying the existence of a Lax pair, 
infinitely many conserved quantities and exact solubility |]14|, |T6| (for further references 
p!7[|). The extended root is chosen in such a way as to preserve the integrability of Toda 



see 



field theory (though not the conformal property), with the enlarged set of roots {ao,aj} 
forming an admissible root system |T^. 

Also, the conformal invariance can be recovered via the introduction of two additional fields 
7] and u. The resulting theory is once again both conformally invariant and integrable. This 
is the CAT model [^,^. 

When the coupling constant P is replaced by ip, the potential term, 

n 
j=0 

which in the real coupling case, upon considering real fields, is zero only for = 0, now has 
zeros for (j) G ^A^y, (A^ being the co- weight lattice). The appearance of many minima 
of the potential is an indication that soliton solutions, interpolating from one minimum at 
X = — oo to another at a; = +oo, may exist. The change in the field between x = ±oo is 
therefore proportional to an element of the co-weight lattice. 
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With complex coupling, the equations of motion 



d^-'^Y, n^a^e'^^y't' = (2.0b) 



/5 ,.0 

can, under the following substitution for the field 0(x,t), 

1 " 2 

</) = -— XI ttilnrj (2.0c) 

be reduced to the following form: 

n 

where 

Q, = (|(A^ - Z^^)r, . r, - 2m\. (ft -."""^-"^ - l)) • 

The operators and are introduced to ease calculation. They are Hirota derivatives, 
defined by 



{- 


.IV 


f- 




\ dx 


dx' / 




dt' 



It is assumed |T|, that Qj = Vj, although this is not the most general decoupling. (The 
existence of n + 1 r-functions (compared to the n-component field 0) can be traced back 
to the V field in the CAT model Q). The equations of motion can now be reduced to the 
form, 

riM - Dl)r, ■ r, - 2m\ (ft r~'^-^-^ - r| = 0. (2.0d) 



\k=0 



In the spirit of Hirota's method for finding soliton solutions [^, it is assumed that 



Tj = l + 5f e*e + dfe'^e' + .... + <5f ^^e^^^e^^ (2.0e) 

where $ = a{x — vt) + ^ and 6j''\l < k < pj), a, v and ^ are arbitrary complex constants. 
The constant pj is a positive integer and e a dummy parameter. The method employed is 
to solve (2.3) at successive orders in e. 

The parameters a, v amd m are related by 

where A is an eigenvalue of NC. The matrices and C are defined as 

• = diag(rao,ni, . . . ,n„), 

• {C)ij = Ui ■ aj. 



This resuh is used in showing that the ratios of the sohton masses are equal to the ratios 
of the masses of the fundamental Toda particles, as the non-zero eigenvalues of NC were 
shown in ^2|, ^ (for the A, D and E theories) to be the squared masses of the fundamental 
particles. The requirement that Tj be bounded as x — * ±00, requires riQfjjPj = njrjQPQ. 

Finally, it is unnecessary to consider the solution corresponding to A = 0, as it is always 

= 0. 

2.1 The a^p solitons 

The Dynkin diagram for a^^ is shown in Figure 1. The matrix NC has eigenvalues given 
by 

Aa = 4 sin^ (t^) ' where h = n + 1 and a = 1, . . . , h — 1. 




o- — o — o- 

ai a2 as 



-o — 0^0 

a„_2 q;„-i an 



Figure 1: Affine Dynkin diagram for a^^-* . 



With rij = 1 Vj, the tau equations of motion are 



i.e. those of [|1|. Using the expansion (2.4) with pq = 1 for the single soliton solutions, it is 
found that 

Tj = l + Je^ 

where uj is an h^^ root of unity. There are n non-trivial solutions (equal to the number 
of fundamental particles) with uja = exp{2'n'ia / h) where 1 < a < n. These n solutions to 
a^^ can be written in the form 

1 ^ , fl + wie''\ 
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The general A^-soliton solution can be built up from the single soliton solutions, having 
r-functions given by 

1 1 / Af \ 

(a;, = E ■ ■ ■ E exp E f'p^p^ + E In A'^P'^^ (2.1a) 

Mi=0 f^N \p=i i<p<q<N J 

where 

(o-p - o-g)2 - {apVp - aqVqf - Am? sin^ f (a^ - a^) 



(cTp + (TqY - {a.pVp + aqVqY - Aw? siu |(ap + aq) 
is the 'interaction constant'. As well as non-static multisolitons there exist also static 

configurations composed of different species (i.e. Op ^ aq) of single solitons. The number 

of such configurations is given by 

For example, static double solitons take the form 

r,(x, t) = l+ <e*^ + <e*^ + A(^2)«e*^+*^ 
With both solitons having the same velocity, ctiV^ = (y-iy/Xl, and so 

$2 = W ^($1-^1) +6- (2.1b) 
V '^i 

When the coefficient of $1 in (2.1b) is a positive integer then these solutions arise directly 
from the Hirota method, that is when 

• 2 ( ,2 • 2 /^«2vr 
sm — — = k sm 



h J \ h 



\{ a2 = h — ai, then 

4(12) __2 -l-^A,, 



and after the shift $1 ^ $1 + ^ 



r,(a;, t) = 1 + yi<e*i + W-a^e*^ + 2/12/2 [l - \k) e'*^ 

where yi = e^^, and 2/2 = e^^. Notice that when yi=0 (or 2/2 = 0), that is when the first (or 
second) soliton is sent off to infinity, the above solution reduces to a that of a single soliton. 
These 'mass degenerate' solutions which appear for h = 2p and /i = 6p (another two 
such configurations appear in ||^ for a^^-* , but are similarly derived by the method above) 
were discussed in 0, Q when they where viewed as different to those constructed in [|1|. 
In fact, as shown above, they are special cases of more general static configurations lying 
within the iV-sohton solution (2.1a). 
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3 Topological Charge. 



The topological charge of the solitons is defined by 

t = — / dxdxd — — ( lim — Um )d)(x,t), 
which, using the ansatz (2.0c), can be written in the following form: 



1 " 2 

^ - — —(lim - hm J lnT^(a;, t) aj. (3.1) 



3.1 The al^) solitons. 



n 



In this subsection, the topological charges of the single sohtons will be calculated. The 
method used is to find a relationship between the charges, which is then used to deduce all 
the charges from just one - the highest charge (so called, as all charges are subsequently 
shown to be obtainable from the highest charge by subtracting a sum of simple roots). 
An exphcit expression for the topological charges associated to each soliton is constructed, 
before the relationship between the charges is shown to be equivalent to the action of the 
Coxeter element (with a particular ordering), so implying that the topological charges lie 
in the same representation. This is shown for the a*^ soliton to be the a^^ fundamental 
representation. Lastly, the topological charges of the multisolitons is considered. 

3.1.1 Single soliton topological chcirge. 

It will prove convenient in the subsequent discussion to write equation (3.1) in the form, 

1 " 

^ = -^I](J™^-^H"^J 0-^\fjix,t)\+ia.Tgfj{x,t)) aj (3.1.1a) 

where 

\fA^,t)\-PPM ^1 as x^±oo. 
WoK^i t)\ 

The topological charge is therefore given by 



1 " 

t — lim — lim ) arg fAx, t) 
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In order to calculate the topological charges it is necessary to understand the behaviour 
of the complex functions fj{x,t). At t — (assuming throughout that a > 0), with 
C — ^1 + ^^2, it is convenient to write 

where y — > as x — > — oo, y — > oo as x — > oo, and ^2 is chosen such that — tt < ^2 < tt. It 
is also convenient to write 

cui — e^'^ where u — — ; — mod (27r). 
a h 

Before proceeding, it is worthwhile to make clear the idea behind the calculation which 
follows. The function 

Jj{X,t) = ; TZ 

has zeros whenever //+^2 = tt and y = 1, and is undefined when ^2 = tt and y = 1. In either 
case, 0(a;, t) is undefined. The range of ^ can then be divided into sectors, the boundary 
of each sector being the values of ,^2 for which fj{x^ t) is either zero or undefined. Now, the 
topological charge is a measure of the change in the argument of fj{x,t) as x goes from 
— cxo to +00, and so the topological charge can change only when the curve traced out by 
fj{x,t) in the complex plane, is either [i) undefined, or (ii) passes through the origin. The 
implication therefore is that the topological charge of the soliton is constant on each of the 
sectors in the range of ^2 mentioned above. Indeed, it will be shown that the topological 
charge takes on a unique value in each sector. An expression for topological charge in one 
particular sector, that of the highest charge, is calculated and from it (in the following 
subsection) an expression for the remaining charges is deduced. 

The number of sectors ha, which the range of ^2 is divided into is rather straightforward 
to calculate. It is equal to the number of different values that 

27riaj 

— ; — mod 2m 
h 

can take, or in other words the smallest value of q for which 

27iiqa ^ ., 

— ; — — 2mk where q,k & ISi. 
h 
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Rewriting this as 

qa — kha where a = — — — — - and ha 



gcd(a, h) gcd(a, h) 

are coprime, then q — ha and k — a. So the maximum number of values that the topological 
charge can take for the a*^ sohton is 

gcd(a, h) ' 

The range of ^2 can therefore be split into ha regions 

with < < /la — 1. Consider now the transformation 

27ra 



(6 + 



h 



mod (27r) e [-7r,7r). (3.1.1b) 



If ^2 originally resides in the region Iq then repeated application of (3.1.1b) will send ^2 
to each of the other regions in turn, before returning to Iq on the h*^ apphcation. As will 
now be shown, the above transformation is equivalent to a cyclic permutation of the simple 
roots {aj} plus the extended roots ckq. The a*'* sohton solution takes the form 

0(a)(^, t)--^Y.(^j ln(l + uiye'^^) 

which, under the above transformation, becomes 

n \ ^ 

the labelling of the roots being mod/i. Therefore, to calculate the full set of topological 
charges of a single soliton, all that is required is to calculate the topological charge for one 
value of ^2 and then cychcally permute the labeUing on the ccj (0 < j < /i — 1) to generate 
the others. 

Consider now the function fj{x,t). Splitting it up into its real and imaginary parts, 

l + y[ cos(/i + ^2) + cos 6] + cos n . y [ sin(/i + ^2) - sin ^2] + sin // 
|l + ^e^6|2 |l + ye^^2|2 



The imaginary part is zero ior y — (i.e. at x — — oo) and at one other point given by 

+ (provided y > 0), (3.1.1b) 

where 7^ 0, tt. If ^2 = — tt + e, where e > is an infinitesimal. Then, 

lm{fj{x,t)) = for y = I - e + ^(e') , 

and Re(/j(x,i))|l + ye'^^|^ = ^^(1 - cos//) + 0(6^) . 

Sin jU/ 

Therefore the complex function fj{x,t) crosses the real axis positively for < // < tt and 
negatively for tt < // < 27r. Also, for small positive y, 

lm{fj{x,t))\l + ye*^^|^ = — j/sin// + (higher order terms) 

i.e. the function starts off with negative imaginary part for < // < tt and positive 
imaginary part for tt < < 27r. Finally, if // = then fj = 1 and contributes zero to the 
topological charge, whereas if // = tt, the change in the function's argument is +7r. Taking 
all of this information together the topological charge in this sector is deduced to be 

2mf^^\ h J ' 

^ a{h — j) mod h 

i=o 

This topological charge will be called the 'highest charge' since the difference between it 
and all subsequent topological charges, is proportional to a sum of positive roots. The 
remaining charges are therefore generated under r : ctj — > Q;(j_i) mod /i- The order of r 
acting on the highest charge is the smallest value of q such that 

a{h — {j + q)) mod h — a{h — j) mod h. 

This is given hj q = ha, confirming that ha is in fact equal to the number of charges for 
the a*^ soliton. 
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3.1.2 An explicit formula for the charges. 



Consider the highest charge, which is written for convenience in the following form: 

AoQio + AiQii H h A„a„ 

Each \j is equal to one of 0, l/ha,2/ha, . . . , {ha — l)/ha. The other ha — 1 charges are 
obtained by cyclically permuting the labelling of the simple roots so that 

Ao = l/ha, Ao = 2/ha, \o= (ha - l)/ha- 

Consider now, the permutation that results in Xq — k/ ha where {1 < k < ha — !)■ This is 
in effect equivalent to adding, modulo h, 

k . . 
■~^{ao + ai + ... + an) 
ha 

to the highest charge. Therefore, 

{Xj + k/ha, ii Xj + k/ha < l; 
(3.1.2a) 
Xj + k/ha - 1, if Xj + k/ha > 1. 

Using (2.0a) to set Aq equal to zero, the overall effect of the permutation is the subtraction 
of 1 from Xj where Xj + k/ha ^ 1- The expression for the topological charges is therefore 
deduced to be 

,(k) _^a{h- j) mod h x 

*o - 2^ 7 ~ 1^ 1^ ^a{h-j) mod h, h-lgcd{a,h) Olj 

3=1 " 1=1 j=l 

where k = 1, . . . , h. The example of the theory is given in Appendix A.l. 

3.1.3 The highest chcirge and its fundamental representation. 

In this section it will be shown that the topological charge of the a*'' soliton lies in the 
^th fundamental representation. This will be used in the next section when the remaining 
solitons will be shown to lie in the same representation as the highest charge and so imply 
that all the topological charges lie in the same fundamental representation. 
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It will be convenient to write a — h — b, b — bgcd{b, h), and h — hgcd{b, h). 

Due to the symmetry of the a^^ theory under ctj — > Q;/j_j for 1 < i < n, it is necessary only 

to consider 

— 1), if h is odd; 



6 < j (3.1.2a) 
The highest charge is then given by 



if h is even. 



^(1) ^ ^ ^3 mo d h 
h 



The inner products of t^^^ with each of the simple roots will be considered and shown 
to be transformable via Weyl reflections to the highest weight of the a*^ fundamental 
representation. Consider firstly the case of gcd(6, h) = 1, i.e. b and h coprime. Defining, 

where [...] denotes the integer part, then 

{1 for j = Q{k), where A; = l....,&— 1, 
— 1 for j = n{k) + 1, where k = 1, . . . , 6 — 1, 
1 for J = /i - 1, 
otherwise. 

Also, Q{k) + 1 < ^{k + 1) for k = 1, . . . ,b — 2, and Q{b — 1) < h — 1. Therefore, in general, 
ta has inner products with the simple roots of the form 

ta ■ {a,} = (0, 0, . . . , 0, 1, -1, 0, ... , 0, 1, -1, 0, ... , 0, 0, 1), (3.1.2b) 

the notation indicating that the j*'* component of the row vector is given by ta ■ OLj. There 
are two things that can be immediately shown to be true. Notice that if a weight, w has 
inner products with the simple roots given by 

«;-{q;,} = (...,0,1,-1,0,0,...) 

then under a Weyl reflection in the root which has inner product —1 with w — > w', 
where 

«;'•{«,} = (. ..,0,1, -1,0,...). 
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Applying this to the case of ta, then a series of Weyl reflections will result in ta — > i'a 
where 

t;-{a,} = (0,.. .,0,1,-1,1,-1,. ..,1,-1,1). 
If a weight w has inner product with the simple roots now given by 

w-{aj} = (...,1,-1,1,...) 

then again pereforming a Weyl reflection in the simple root which has inner product — 1 
with w, w —>■ w' where 

w'-{a,} = (..., 0,1,0,...) 

This last procedure combined with the previous one, can be applied to i„ to flnally give t" 
which is expressed via 

il'-{«,} = (0,...,0,l,0,...,0) 
with the 1 appearing in the position, d being given by, 

d = n — [b — l] = h — b = a. 

Therefore, ta lies in the same representation as t", i.e. the a*'* fundamental representation. 
The generahsation to the case of gcd(6, h) ^ 1 is straightforward. If i'^^^ is the highest 

charge in the theory with Coxeter number h of the d = h — b soliton, then the highest 
charge of the current soliton is given by 

iW-(t(i),0,t«,0,...,t«). (3.1.2c) 

Then by the results of the above discussion the inner products of t^^^ with the simple roots is 
also of the form (3.1.2b), and again by the above lies in the a*'* fundamental representation. 

3.1.4 The Topological charges, the Coxeter element and the fundamental 
representations. 

In the last two subsections, the topological charges of the a*'* soliton were calculated, with 
the highest charge shown to he in the a*'* fundamental representation. In this subsection 
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it will be shown that the cyclical permutation of the roots used to connect the topological 
charges is in fact equivalent to the application of the Coxeter element 

i^tc = rnrn-irn-2 ■ ■ ■ rzr2ri. (3.1.4b) 

where n is a Weyl reflection in the i^'^ simple root ctj. It is important to note that the 
ordering of the Weyl reflections is not arbitrary - other orderings do not necessarily connect 
the charges. This can be shown for the case of discussed in the previous subsection (see 
Appendix A.l for an illustration of this). 

Firstly, consider the effect of ujtc on the set of simple roots {aj}- It can be shown 

ao ao + CKi + ^2 + • • • + oin-i + 2ari, 
ai — >■ — ai — a2 — a3 — . . . — a„, 
and aj — > aj_i for 2 < i < n, 

and so an arbitrary linear combination of the simple roots plus the extended root 

u — \QaQ + Aitti + A2a2 + . . . + Ana^ 

is transformed thus: 

u Aoao + (Ao - Ai + A2) ai + . . . + (Ao - Ai + A„) a„_i + (2Ao - Ai) a„ 
= Aiao + A2ai + A3a2 + . . . + A„a„_i + Aoa„ 

by equation (2.0a). Using the notation 

Aoao + Aiai + A2a2 + . . . + A„a„ = (Ao, Ai, A2, . . . , A„), 

then 

<^te(Ao, Ai, A2, . . . A„_i, A„) = (Ai, A2, A3, ... , A„, Ao), 

i.e. the action of the Coxeter element cyclically permutes the A^'s. This invariance of the set 
of topological charge under the action of the Coxeter element means that the topological 
charges lie in the same representation as the highest charge i.e. the a*'* fundamental 
representation. 
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3.1.5 The other a'^^ automorphisms 

In subsection 3.1.1 it was shown that the set of topological charges corresponding to each 
soliton was invariant under the automorphisms of the extended Dynkin diagram which 
cyclically permute the elements of the extended root system. There are other automor- 
phisms of the extended diagram for a!^^ . In this subsection, the effect of these mappings 
(up to a sign), on a soliton's topological charges will be discussed. 

Sending ^2 — ^ —^2 in the soliton solution is equivalent to evaluating the topological charge 
in region If^^_i_p rather than Ip where < p < — 1. The form of the a*'* soliton solution 
is 

(b(a) (x, t) = > a-j In = — - > a,- In a;^ — ^ . 

The last expression can be recast into the form 

The topological charge in region If^^_i_p is therefore obtained from the topological charge 
in region Ip {1 < p < ha — 1) via the mapping 

(To : aj -ah-j. 

Combining this with the map of cyclic permutations of the extended root system, r, it is 
found that the set of topological charges of each soliton is invariant under 

CTfe : aj -ot(k-j) mod h (0 < j,k <h-l). 

It is compelling to associate these mappings with the automorphisms of the extended 
Dynkin diagrams which reflect the diagram in a line splitting it in two as shown in figure 
2, below. 

o — o— — o — o o — o— — o 

C-o^ ^o- 



Q!fc \ Oik 

o — o— — o — o o — o— — o 

«n ^ when n is even. ^(1) ^^^^ ^ 

Figure 2: Reflection symmetry of the a^^ Dynkin diagram. 
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3.1.6 Multisoliton solutions. 



In this section, a multisoliton configuration composed of widely separated solitons is 
considered. In this large separation approximation the topological charge of the configura- 
tion as a whole is found to be the sum of the topological charges of the individual solitons. 
This will be done via an inductive arguement. In the tau functions of the multisolitons 
were found to be 

1 1 / N 

Tj (x, t) = ^ ■ ■ ■ ^ exp [iv^l^v + E In v4(P«) 

where 

^(py) ^ (^P - (^<if - (^P^P - (^q^qf - 4?«^ sin^ ^[a^ - a, 



o-p + cTg)2 - ((Tpt;p + (Tgt;q)2 - sin^ :^{(i'v + S) 



is the 'interaction constant'. Relabelling the solitons, if necessary, then 

a\V\ < O2V2 < . . . < 0"Ar_ifAr_i < Oj^jV^. (3.1.5a) 

It will be convenient to write e"''*^^"'"'*"'"^''''^ = ?/e"^'*^*^e*^2 \ where = OiVit — . If 

t = T is fixed for sufficiently large T, then write fii{T) = fii so that 

/ii « /i2 « • • • « /Uiv-i « fiN- (3.1.5b) 

It is worthwhile to find the range of y for which the soliton field (j){x, t) has its most rapid 
variation (and so where the soliton is located). This is done via the parameter k ^ 1, and 
the imposition that 

^ < \ujiX'e-^^e'^^^^^\ < k, 

since below the lower limit tj/tq ~ 1, and above the upper limit tj/tq ~ ul^. The corre- 
sponding limits in the range of y are: 

/I V^"' , • _ -^w, 1 

y ~ -e^' for \uj^ y^'e ^'e'^^ | 

\k J ' k 

and y^ike^'^f'"' for |w;^^?/'^»e~^'e^«''' | ~ fc. 

The point in time considered T, can be chosen large enough so that each of the above 
regions are far apart, that is 

/I \ 1/°"! , /I \ Vo"2 

f -e'^M < {ke^'^f/''^ « Ue'^' j < (/te^^)^/'^^ «... 

/I \l/o-JV-l z]^ \l/o-]V 

■ ■ ■ \k^^''~J ^ (^^gMiv-i)i/<Tiv_i ^ ( ^e^"^ ) < (A;e^'^)^/'^^. 
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The scene is now set for a straightforward calculation of the multisohton topological charge. 
Consider the two sohton solution 

Here the first sohton is located in the range (|e^^j ^ ^ < y < {ke^^'^y/'^'^ , and the second in 
the range (ie'^') <y < {kei'^f'''\ Outside these regions Tj/to is effectively constant 
and equal to (in order of increasing y), 1, a;^^,and uj^^uji^, respectively. In the range 
(le'^i)^^'"' <y< {kef'^y/''^ 

Tj l + ujiy^^e-^^e'^^^ 



"^0 1 + |/'^ie-''ie*?2^' 



(i.e. it is effectively the component of the first soliton) which contributes to the topo- 
logical charge by h. Finally, for (je^"^)^'"^ <y< (^6^2)1/^2^ 

.^(2) 

Tj 1 + Ai2UJiy^e'''^e<2 

— ~ ^ai (2) — 

To 1 + ^^22/'^2e-M2e»€2 

which contributes t2 to the topological charge. Therefore the topological charge of the 
double soliton is given by 

t^ti+t2. 

Suppose now that the {N — l)-soliton solution has topological charge given by 

t{N-l) = ^1 + ^2 + ■ ■ ■ + t{N-l)- 

If rj^^ is the j*'^ tau function of the p-soliton solution, then for < y < (/ce'^^-i)^/'^^-^, 

(JV) (JV-l) 



(JV) (JV-l) ' 

MD Tq 

contributing t(Ar_i) to the topological charge. 

In the regions (/ce/^Jv-i^i/ajv-i < y < (^IqIj-n^^'"'' ^ a^^j foj- y > (^^^my/^N ^ functions 
rf^/r^^^ are effectively constant and equal to uj^y^^ . ..uji^_^ and a;^^;^ . . 
respectively. For (|e^'^)^^'^'^ <y < {ke^'^y/"'^ , 

1 + A A UJ^ y<yNp-tJ.Npiii^^ 

'3 j j j ' ^aia2 • • • ^ajvajv-i'^ajvi' 

Tn ' 1 + A A yfrNp-IJ-Ne^^i 

17 



which contributes ^at to the topological charge. Therefore the topological charge of the 
A^-soliton solution is 

i = ti + ^2 + • • • + iiv-i + tpf. 

This result still holds if the strict inequalities of (3.1.5a) are relaxed to allow for solitons 
to have aiVi equal, provided is large enough so that (3.1.5b) holds. 

3.1.7 Multisolitons and representation theory. 

Having established in the previous subsection that the topological charge of a multisoliton 
is the sum of the topological charges of its constituent solitons, the representations in which 
the topological charges of these sohtons lie will be discussed. 

Denote the set of topological charges of the A^-soliton solution, which is composed of the 
{ai, a2, . . . , aiv}-solitons, and the a*'* fundamental representation by 

^ai,...,a;v) and TZa 

respectively. As the topological charges of two widely separated solitons arc equal to the 
pairwise sums of the topological charges of the individual solitons, then for the special 
case of a double soliton composed of the single solitons associated to the first and n-th 
fundamental representations, the resulting topological charges are the weights of the tensor 
product representation TZi ®TZn- However, this tensor product of representations contains 
the adjoint representation, and so contains {±q;i, ±0:2, . . . , ±Q;„}. As a result, further 
multisoliton configurations can be constructed that employ these solitons having charges 
equal to the simple roots, and so fill up all the fundamental representations as well as the 
entire weight lattice. 



4 Discussion and conclusions. 

Having discussed the a^'' theory in detail it is worthwhile to consider what can be deduced 
about the other theories. Firstly consider c^^^ whose sohtons are multisohtons of the 02!-! 
theory. As a result it may be expected that the results of §3.1.5 can be used to calculated 
the topological charges. This is not true, as the results on the multisolitons depend on the 
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individual solitons being widely spaced - the c^'' single solitons are a^rl-i double solitons 
of zero separation. Indeed it can be shown that the number of topological charges of the 
a*'* soliton (l<a<n — l)in the c^^-* theory is given by 

2{n-a + 1)(1 - ^5o,amod2) 



where 



n = — and 



gcd(a, n) gcd(a, n) 

and two topological charges for the n*'^ soliton. Therefore, in general, the number of 
topological charges in the c^^ theory is less than that calculated naively from the a^^ 
theory. The set of topological charges corresponding to each soliton of the c^^ theory is 
also invariant under mappings related to the automorphisms of the theory. However, there 
are not enough mappings to allow all of the charges to be deduced from just one. 

For the ^4^'* and ^5^'' theories, the topological charges of the single solitons have been 
calculated and can be shown to lie in the corresponding fundamental representation (for 
example see ||l|] for d^l'^) though, as in a!^^ , not fill it. It is possible, as in the aj^^ case to 
deduce relationships between the charges from the soliton solution, and so allow deduction 
of all the charges from just one. There also exist products of reflections whose orbits are 
made up of the charges, though the results are not as neat as those for a^^ . 
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Appendix 

A.l The topological charges of ^ single solitons. 

Consider the case of the a^^^ theory whose Dynkin diagram is shown in figure 2, below. 
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3 


2 


3 


6 


o- 


-o- 


-o- 


-o- 


-o 


OCl 


a2 


013 


a4 


as 



Figure 2 : Dynkin diagram for 

The number above each spot on the diagram is the number of topological charges corre- 
sponding to that soliton. 

First soliton (a=l). Second soliton (a=2). 
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1^4 + 


|«5, 




|«2 + 
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tm 


= -\ai + 


|a2 + 


^"3 + 


|q;4 + 




= + 


l"2- 


1^4 + 






= - 


|a;2 + 


|a3 + 


1^4 + 




t(3) = -lai - 


i"2 - 






t(4) 


= ~\ai - 


i"2 - 


|a3 + 


|a4 + 




Third soliton 


(a=3). 






t(5) 


= - 


i"2 - 


|«3- 


4 1 

gQ;4 + 






|a3 + 






t(6) 




i"2 - 


|«3- 


4 

6«4 - 


i«5. 


t(2) = - 


|«3 - 







The topological charges of the fourth and fifth solitons are obtained from those of the 
second and first solitons respectively, via aj ah-j (1 < J ^n). 

A. 2 The action of the Coxeter element. 

It is shown in section 3.1.4 that the action of the Coxeter element with the ordering of 
(3.1.4a) generates all of the topological charges from just one. Consider now the action of 
the Coxeter element 

w = r4r2r5r3ri 

on the Weyl orbit of the second fundamental weight A(2) of the 05^'' theory (this ordering 
is the familiar 'black-white' ordering of |^ i.e. the sets of simple roots {0:1,03, 0:5} and 
{02, «4} corresponding to {ri,r3,r5} and {r2,r4} are composed of elements which are 
orthogonal to each other). The Weyl orbit is partitioned into three Coxeter orbits, say C+, 
C-, and Cq. This is visualised in Figure 3 where 
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• each spot corresponds to a weight in the Weyl orbit of A(2) , 

• if two spots are joined by a hne, they are Weyl reflections of each other in the simple 
root aj where j is the number on the line, 

• spots with the same labelling (either +, — , or 0) lie in the same Coxeter orbit. 

Therefore, whereas t^^-* and t'^^^ lie in the same Coxeter orbit, t^"^^ lies in a different one. 



A. 3 The interaction parameter. 

It will be shown that the interaction parameter is always positive. The interaction para- 

menter is given by 



Using the parameterisation vi^2 — tanh^i 2 (so that for —1 < 2 < 1, — oo < 9i^2 < oo) 
where 9i^2 is the rapidity of the first and second soliton respectively, and writing 9 — 9i — 92 
the above can be rewritten 




Figure 3 : Partition of Weyl orbit of A (2) . 



(ffi - (72^ - {(Tivi - (T2V2Y - 4:m^ sin^(f (ai - as)) 
{ai - U2f - {(JxVx - 0-2^2)^ - 4m2sin^(|(ai - 02)) 



A 




As 9 is real, cosh^ > 1, and so the interaction parameter is always positive. 
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